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Abstract. Background radiation fields pervade the Universe, and above a certain energy
any γ-ray flux emitted by an extragalactic source should be attenuated due to e+e− pair
production. The opacity could be alleviated if photons oscillated into hypothetical axion-
like particles (ALPs) in ambient magnetic fields, leading to a γ-ray excess especially at high
optical depths that could be detected with imaging air Cherenkov telescopes (IACTs).
Here, we introduce a method to search for such a signal in γ-ray data and to estimate
sensitivities for future observations. Different magnetic fields close to the γ-ray source are
taken into account in which photons can convert into ALPs that then propagate unimpeded
over cosmological distances until they re-convert in the magnetic field of the Milky Way.
Specifically, we consider the coherent field at parsec scales in a blazar jet as well as the
turbulent field inside a galaxy cluster. For the latter, we explicitly derive the transversal
components of a magnetic field with gaussian turbulence which are responsible for the photon-
ALP mixing. To illustrate the method, we apply it to a mock IACT array with characteristics
similar to the Cherenkov Telescope Array and investigate the dependence of the sensitivity
to detect a γ-ray excess on the magnetic-field parameters.
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1 Introduction
The observation of very high energy γ-ray emission (VHE; energy E & 100 GeV) from extra-
galactic sources is a unique probe of VHE photon propagation over cosmological distances.
During the propagation to Earth, γ rays can undergo pair production, γγ → e+e−, with
photons of the extragalactic background light (EBL) [1–3]. This attenuation of the source-
intrinsic flux scales exponentially with the optical depth τ , a monotonically increasing func-
tion with γ-ray energy, the source redshift, and the EBL photon density [see 4, for a review].
The EBL ranges from ultraviolet (UV) to far infrared (IR) wavelengths and comprises the
starlight emitted by stars and starlight absorbed and re-emitted by dust in galaxies, inte-
grated over the entire history of the universe [see 5, for a review]. Direct measurements of
the EBL are extremely difficult due to the strong contamination with foreground emission
[6] but lower limits can be derived from galaxy number counts in the optical and infrared
[e.g. 7, 8].
This standard scenario was questioned [9] after the HEGRA observations of the blazar
Markarian 501 above 20 TeV [10]. The EBL models available at that time [e.g. 11] predicted
a high EBL photon density at IR wavelengths, rendering an observation of multi TeV γ rays
highly unlikely. Recent EBL models [e.g. 12–15], however, more or less agree on a level of the
background photon density close to the lower limits available from galaxy number counts,
reconciling the measurement with expectations. Nevertheless, the number of observations of
blazars (active galactic nuclei, AGN, with their jet closely aligned along the line of sight) in
the optical thick regime (τ > 2) is steadily increasing [e.g. 16–19], reaching optical depths
τ & 5 [20]. A statistical analysis of more than 50 AGN VHE spectra showed a 4σ indication
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for an overestimation of the EBL attenuation in the τ > 2 regime (the significance is reduced
to 2σ if systematic uncertainties are taken into account) [21]. Furthermore, several sources
show harder spectral indices than expected from EBL absorption [22–24]. The level of the
EBL photon density inferred from γ-ray absorption features in Fermi -LAT [25] and H.E.S.S.
spectra [26] is compatible with current EBL models. It should be noted that these analyses
are dominated by data in the optical thin regime and that the allowed level is close to or
slightly below the lower limits on the EBL at intermediate redshifts, 0.2 . z . 0.5 [27].
One possibility to account for a decreased opacity of VHE γ rays is the oscillation
of photons into hypothetical pseudo-Nambu-Goldstone bosons in the presence of ambient
magnetic fields [22, 23, 28–31]. Such particles arise if additional gauge symmetries to the
Standard Model are broken [see 32, for a review] and one prominent example of such a particle
is the axion that solves the strong CP problem in QCD [33–35]. For the axion, the coupling
to photons gaγ and its mass ma are related through the scale fa at which the additional
symmetry is broken. For general theories of pseudo-Nambu-Goldstone Bosons or axion-like
particles (ALPs) this is not the case. Axion-like particles, while not able to cure the strong
CP problem, naturally arise in string theories [36–38]. The coupling of axions or ALPs to
photons is described by the Lagrangian,
Laγ = −1
4
gaγFµνF˜
µνa, (1.1)
where Fµν is the electromagnetic field tensor, F˜µν its dual, and a is the ALP field strength.
The non-observation of ALPs potentially created in the sun by the CAST experiment yields
an upper bound of gaγ < 8.8 × 10−11 GeV−1 for ma . 0.02 eV at 95 % confidence [39].
Interestingly, with the tentative BICEP-2 results on the tensor-to-scalar ratio [40], scenarios
are preferred in which the additional symmetry is broken after inflation. This leads to a
lower bound on the coupling strength, gaγ & 10−14 GeV−1, for gaγ ∼ α/(2pifa) with the fine
structure constant α, if one additionally requires that ALP dark matter should not exceed
the cold dark matter abundance. [e.g. 41, 42].
If a γ ray converts into an ALP, it will evade pair production. While the γ-ray flux is
attenuated in the EBL interactions, ALPs reconverting into photons in the vicinity of the
Earth can give rise to a boost in the observed flux, especially in the optical thick regime.
The resulting spectral hardening is not predicted in simple emission scenarios of blazars,
for instance in self-synchrotron-Compton models [e.g. 43] that often suffice to describe their
broadband spectral energy distribution1. Simultaneous observations of the spectrum at low
and high τ values is mandatory in order to quantify the potential level of discrepancy between
EBL model predictions and measurements. In this regard, the planned Cherenkov Telescope
Array (CTA) [47] with its low energy threshold of ∼ 50 GeV will be perfectly suited for such
observations (see ref. [48] for possible EBL studies with CTA). The point-source sensitivity of
CTA is expected to be a factor of 10 better than currently operating imaging air Cherenkov
telescopes (IACTs) [47].
Here, we consider different coherent and turbulent magnetic field scenarios and we
explicitly derive formulas for the transversal components of magnetic fields with gaussian
turbulence. A likelihood ratio test is introduced to determine the sensitivity of a CTA-like
array to detect a spectral hardening induced by the oscillations of γ rays into ALPs. The
1 In more specific scenarios, a spectral hardening can be expected due to, e.g., internal absorption [44],
emission from multiple sites with narrow electron distributions [45], or comptonization by an ultra-relativistic
particle wind [46].
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likelihood ratio test and the magnetic field scenarios can easily be used in the future to
calculate the sensitivity of, e.g., H.E.S.S. II [49] and CTA to detect a boost in γ-ray fluxes.
We begin the discussion with a short review of photon-ALP oscillations in Section 2
followed by a description of the different magnetic-field scenarios considered here in Section
3. We focus on magnetic fields close to the source, namely the coherent magnetic field
in jet of a BL Lac-type object, as well as the turbulent field of a galaxy cluster in which
the source might be embedded. In Section 4, we describe the simulated observations and
introduce the statistical method. Most model parameters that influence the strength of the
photon-ALP mixing are unknown. Therefore, we vary the different parameters (ALP mass
and coupling, magnetic-field parameters) over large ranges of allowed values and investigate
the dependence of the sensitivity of a mock IACT on these parameters in Section 5 before
concluding in Section 6. We give a detailed derivation of the turbulent magnetic field in the
Appendix.
2 Photon-ALP mixing
The effective Lagrangian for the mixing between photons and ALPs can be written as
L = Laγ + LEH + La. (2.1)
The first term on the right hand side is given in eq. (1.1), the second term is the effective
Euler-Heisenberg Lagrangian that accounts for one-loop corrections of the photon propagator
[e.g. 50] and the ALP mass and kinetic terms are
La = 1
2
∂µa∂
µa− 1
2
m2aa
2. (2.2)
ALPs only couple to photons in the presence of a magnetic field component B⊥ transversal to
the propagation direction k and only to photon polarisation states in the plane spanned by B
and k [23, 51]. Let x3 be the propagation direction, B⊥ = Beˆ2, and A1, A2 the polarisation
states along x1 and x2, respectively. Then the equations of motion for a polarised photon
beam of energy E propagating in a cold plasma filled with a homogeneous magnetic field
read (
i
d
dx3
+ E +M0
)
Ψ(x3) = 0, (2.3)
with Ψ(x3) = (A1(x3), A2(x3), a(x3))
T and the mixing matrix M0 (neglecting Faraday rota-
tion),
M0 =
∆⊥ 0 00 ∆|| ∆aγ
0 ∆aγ ∆a
 . (2.4)
The terms ∆||,⊥ arise due to the effects of the propagation of photons in a plasma and the
QED vacuum polarisation effect, ∆⊥ = ∆pl + 2∆QED, and ∆|| = ∆pl + 7/2∆QED. The
plasma contribution depends on electron density ncm−3 = n/cm
−3 through the plasma fre-
quency ωpl ∼ 0.037√ncm−3 neV: ∆pl = −ωpl/(2E). The QED vacuum polarisation term
reads ∆QED = αE/(45pi)(B/(Bcr))
2, with the fine-structure constant α, and the critical
magnetic field Bcr = m
2
e/|e| ∼ 4.4×1013 G. The kinetic term for the ALP is ∆a = −m2a/(2E)
and photon-ALP mixing is the result of the off-diagonal elements ∆aγ = gaγB/2. Suitable
numerical values for the different ∆ terms are provided in ref. [52]. If photons are lost
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due to absorption, the diagonal terms ∆||,⊥ get an additional imaginary contribution that
scales with the mean free path of the photon. The equations of motion lead to photon-ALP
oscillations [28, 51, 53–55] with the wave number
∆osc =
√
(∆|| −∆a)2 + 4∆2aγ . (2.5)
The conversion probability becomes maximal and independent of energy (the so-called strong
mixing regime, SMR) for energies Ecrit . E . Emax, with [e.g. 55, 56]
Ecrit =
|m2a − ω2pl|
2gaγB
∼ 2.5 GeV |m2neV − 1.4× 10−3 ncm−3 | g−111 B−1µG, (2.6)
Emax =
90pi
7α
B2cr gaγ
B
∼ 2.12× 106 GeV g11B−1µG. (2.7)
Above Emax, the oscillations are damped due to the QED vacuum polarisation. In the
above equations, we have introduced the notation BX = B/X, mX = ma/X, and gX =
gaγ × 10X/GeV−1.
For an unpolarised photon beam, the problem has to be reformulated in terms of the
density matrix ρ(x3) = Ψ(x3)Ψ(x3)
† that obeys the von-Neumann-like commutator equation
i
dρ
dx3
= [ρ,M0], (2.8)
which is solved through ρ(x3) = T (x3, 0;E)ρ(0)T †(x3, 0;E), with the transfer matrix T that
solves eq. (2.3) with Ψ(x3) = T (x3, 0;E)Ψ(0) and initial condition T (0, 0;E) = 1 [e.g.
23, 29, 53, 57]. In general, B⊥ will not be aligned along x2 but will form an angle ψ with
it. In this case, the solutions have to be modified with a similarity transformation and,
consequently, M and T will depend on ψ [see e.g. 57, 58]. For the mixing in Nd consecutive
magnetic domains one finds that the photon survival probability of an initial polarisation
ρ(0) is given by
Pγγ = Tr
(
(ρ11 + ρ22)T (x3,Nd , x3,1;ψNd , . . . , ψ1;E)ρ(0)T †(x3,Nd , x3,1;ψNd , . . . , ψ1;E)
)
,
(2.9)
with ρ11 = diag(1, 0, 0), ρ22 = diag(0, 1, 0), and
T (x3,Nd , x3,1;ψNd , . . . , ψ1;E) =
Nd∏
i=1
T (x3,i+1, x3,i;ψi;E). (2.10)
For an initially unpolarised photon beam one has ρ(0) = 1/2 diag(1, 1, 0). The full expression
for T valid at all energies (not only in the SMR) can be found e.g. in ref. [59]. For a
propagation over a distance r over many domains of coherence length Lcoh, each with the
same constant magnetic field strength B but a random angle ψ that changes from one cell
to the next, the average photon-ALP oscillation probability is [60, 61]
Paγ =
1
3
(
1− exp
(
−3
2
∆2aγrLcoh
))
. (2.11)
The more photons convert into ALPs close to the source, the stronger the γ-ray flux enhance-
ment can be as ALPs may reconvert into photons in the magnetic field of the Milky Way.
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This leads to a condition for a sufficient mixing over many domains, namely if the absolute
value of the argument of the exponent in the above equation becomes & 1. In suitable units
this reads
g211B
2
µG rkpc Lkpc & 2900. (2.12)
In the case that no photons are absorbed during propagation, the transfer matrix is strictly
unitary and it is easy to show that for an initially unpolarised photon beam the oscillation
probability is always Paγ 6 1/2 (as shown explicitly in ref. [59]).
We choose the fiducial ALP parameters to be mneV = 1 and g11 = 2. The choice for the
coupling is motivated by the lower limits derived in ref. [31] for which photon-ALP mixing
could explain indications for a low opacity for VHE γ rays. Neglecting energy and momentum
transfer to and from the external magnetic field, such light ALPs are ultra-relativistic with
a β factor of
β =
pa
Ea
=
E√
E2 +m2a
=
[
1 + (ma/E)
2
]−1/2 ≈ 1− (ma
2E
)2
, (2.13)
with the ALP energy Ea, photon energy E, and ALP momentum pa = E. Thus, photon-ALP
oscillations will have no effect on the time or spatial structure of the signal.
3 Magnetic field scenarios
Magnetic fields are ubiquitous along the line of sight from the γ-ray source to Earth. Here, we
consider only those fields for which independent measurements exist, namely the fields in the
AGN jet, in a galaxy cluster in which the blazar might be embedded, and the magnetic field
of the Milky Way (Galactic magnetic field, GMF). The contributions to photon-ALP mixing
from the B fields of the host galaxy and the intergalactic medium are neglected. Typically,
BL Lac objects and flat spectrum radio quasars (FSRQs) are hosted in elliptical galaxies
[e.g. 62]. While there is strong evidence of micro Gauss fields in these system, little is known
about their spatial structure. The fields are believed to be turbulent with coherence lengths
of the order of 0.1 to 0.2 kpc [63] and lacking a large scale coherent component in contrast
to spiral galaxies [e.g. 64]. From eq. (2.12) one finds that for typical sizes of ellipticals of
r = 10 kpc, an efficient photon-ALP mixing can occur for g11 < 8.8 only for strong fields,
B & 4µG. Thus, we ignore this magnetic field. For the intergalactic magnetic field (IGMF),
only upper limits exist which are of the order of a few 10−9 G [e.g. 65, 66]. Large scale
structure formation simulations and simulations of the deflection of cosmic rays suggest lower
values between 10−11 to 10−12 G [67, 68]. Galactic winds, on the other hand, could magnetise
the intergalactic medium with field strengths 10−12 < B < 10−8 G [69] and evidence exists
for a redshift evolution of the rotation measure of radio sources compatible with an IGMF
field strength of 1 nG and coherence length of 1 Mpc [70]. Only a field strength of this value
and close to the current upper limits and coherence lengths of the order of Mpc will give a
sizeable effect on γ-ray spectra [e.g. 23, 28–30, 54]. Because of the large uncertainties of the
intergalactic magnetic-field parameters and the possibility of very low B-field values (see also
the review of ref. [71]), we will not consider it here.
In the following, the adopted models for the B-fields in the AGN jet and the galaxy
cluster will be described in detail. The Galactic magnetic field will be described with the
model of ref. [72], already used in refs. [21, 31, 73] to study photon-ALP oscillations.
The model is derived from a χ2 fit to WMAP7 synchrotron maps and rotation measures
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of extragalactic sources. In addition to a disk and halo component, it comprises a third
out-of-plane component that leads to a large photon-ALP conversion probability compared
to previous models such as the one provided in ref. [74].
3.1 Galaxy clusters
Evidence exists that a fraction of blazars is harboured in galaxy groups or (poor) galaxy
clusters [e.g. 75–77]. The existence of turbulent magnetic fields with strength of the order
of O(µG) in the intra-cluster medium (ICM) is well established through Faraday rotation
measurements and non-thermal (synchrotron) emission at radio frequencies [e.g. 78, 79, for
reviews]. Evidence exists that the B field follows the electron density in the ICM,
BICM(r) = BICM0 (n
ICM
el (r)/n
ICM
0 )
ηICM , (3.1)
with 0.5 . η . 1, where the electron density can be modelled as
nICM(r) = nICM0 (1 + r/rcore)
−3βICM/2, (3.2)
where typically βICM = 2/3 and n
ICM
0 = 10
−3 cm−3. For many AGN the exact environment
is unknown. However, local and intermediate redshift radio galaxies are often located galaxy
groups and poor clusters [e.g. 76, 77]. Therefore, we will look at small clusters with a fiducial
cluster radius of rmax = 300 kpc. For distances r > rmax the magnetic field is set to zero. We
furthermore assume values for the remaining parameters that are consistent with observations
of the nearby radio galaxies 3C 31 [80] and 3C 449 [81] that reside in poor clusters or galaxy
groups, namely rcore = 100 kpc, ηICM = 1, and B
ICM
0 = 1µG. In Sec. 5 we will investigate
central magnetic between 0.1µG (as found around NGC 0315 which is situated in a galaxy
poor environment [82]) and 10µG as determined for richer environments such as Hydra A
[e.g. 83].
In terms of photon-ALP oscillations, the turbulent field is often described with a simple
cell-like morphology, where the field strength is constant in each cell of length Lcoh but the
angle ψ between the magnetic field and the A2 component changes randomly from one cell
to the next. The coherence length is usually assumed to be of the order of the size of a
galaxy in the cluster, i.e. Lcoh ∼ 10 kpc. However, a more physical ansatz for B fields in
the ICM is a divergence-free homogeneous and isotropic gaussian turbulent magnetic field
with zero mean and variance B2, that better describes the small and large scale fluctuations
seen in observations [84]. We will assume here that the power spectrum of the turbulence
follows a power law in wave numbers, M(k) ∝ kq between kL 6 k 6 kH and zero otherwise.
For photon-ALP mixing, only the component transversal to the propagation direction (x3)
contributes, where B⊥(x3) =
√
B21(x3) +B
2
2(x3) and tanψ = B1/B2. As shown in Appendix
A, the transversal components, i = 1, 2, are given by
Bi(x3) ≈
Nk∑
n=1
√
2˜⊥(kn)∆kn
pi
ln
(
1
Ui,n
)
cos(knx3 + 2piVi,n), (3.3)
where (Ui,n, Vi,n) are uniformly distributed random numbers in the open interval [0; 1) and
Nk is the total number of spacings in k. The Fourier transform of the correlation function of
the transversal B-field components is
˜⊥(k) =
piB2
4
Fq(k; kL, kH), (3.4)
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and Fq(k; kL, kH) is given in eq. (A.16). We choose an equidistant logarithmic spacing of the
k interval where we demand that Nk > 10ND, where ND is the number of decades spanned by
the k interval. This ratio is suggested in ref. [85] in which the authors study neutrino flavour
oscillations in turbulent density profiles of supernovae. Here we setNk = d20 log10(kH/kmin)e,
with kmin = 10
−3kL. With this choice, we find a good agreement between the analytical
correlation function and simulations (see Appendix A). The minimum wave number kL cor-
responds to the largest scales of energy injection and energy is cascaded down via turbulent
fluctuations to the smallest scales set by kH where energy dissipation sets in (in turbulent
fluids due to viscosity) [e.g. 86]. The model parameters B, q, kL, and kH are a priori unknown
but can be constrained through Faraday rotation measurements at radio frequencies (see e.g.
refs. [83, 87] for deduced parameters for the Coma and Hydra A clusters2). For definite-
ness, we will use the magnetic-field spectrum derived for Coma [87] and set kL = 0.18 kpc
−1,
kH = 3.14 kpc
−1, and q = −11/3, which is in accordance with the values deduced for the
environment of 3C 31 [80]. The value of q corresponds to a Kolmogorov-type power spectrum,
so that the magnetic energy, u(k) = 4pik2M(k), follows a power law with index −5/3. The
choice for kH ensures that the maximum wave number is larger than the oscillation wave
number, kH > ∆osc, given in eq. (2.5), for the fiducial magnetic field B = 1µG and g11 = 2,
since at the critical energy one finds ∆osc ∼ 0.04 g11BµG. For the numerical calculations,
we also have to set the integration step length, L. In order to take the smallest scale for
fluctuations into account, we choose L = 1/kH . Finally, inserting B⊥ for BICM0 in eq. (3.1)
accounts for the radial decrease of the magnetic-field strength.
3.2 BL Lac jets
Magnetic fields in blazar jets have been deduced from measurement at different scales, ranging
from ultra-compact regions at distances of ∼ 0.1pc from the central black hole up to 100 kpc
scale structures such as lobes, plumes, and hot spots [89]. Radio observations of the frequency
dependent positional shifts of the optically thick radio cores allow the estimation of the core
magnetic-field strength, usually of the order of 0.1 G [90] at a distance of 1 pc to the central
black hole3. These values are of the same order as the ones inferred from the modelling of
spectral energy distributions (SEDs) from simple synchrotron-self-compton (SSC) emission
models [e.g. 91, 92] that probe the magnetic field at the VHE emission zone. In these models,
however, the emission sites are located at distance < 1 pc (see below).
We focus here on BL Lac-type objects. In this case, we can neglect internal γ-ray
absorption and photon-ALP oscillations within the broad line region (BLR) [93], since, by
definition, these sources show either no or only weak emission lines in their optical spectra. We
model the photon-ALP conversion in the parsec-scale jet similar to the prescriptions outlined
in ref. [93–95]. Evidence exists that the magnetic field in the BL Lac jet can be modelled
with a poloidal (along the jet-axis) and a toroidal (perpendicular to the jet axis) coherent
component, where the field strength for the former decreases as B ∝ r−2 and B ∝ r−1
for the latter [89, 96, 97]. Consequently, for large enough distances to the central black
hole, the toroidal component dominates and we neglect the poloidal component. Assuming
equipartition between the magnetic and particle energies, the electron densities typically
range from ∼ 100 to ∼ 1000 cm−3 at 1 pc from the AGN core and the electron density profile
follows nel ∝ r−2 [90]. Accordingly, we adopt the following prescriptions for the magnetic
2 See also ref. [88] for a modelling of the magnetic fields in the Coma cluster including ALPs in order to
explain the soft X-ray excess.
3 The studied source sample of ref. [90] consists of six objects, four of which are classified as BL Lacs.
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field and the electron density of the parsec scale jet
Bjet(r) = Bjet0
(
r
rVHE
)ηjet
, (3.5)
njetel (r) = n
jet
0
(
r
rVHE
)βjet
. (3.6)
with ηjet = −1, βjet = −2, and rVHE the distance of the VHE emission site to the central
black hole. Assuming rVHE ∼ RVHE/θj, where RVHE is the radius of the VHE emitting
plasma blob and θj is the angle between the jet axis and the line of sight, typical values for
rVHE range from ∼ 0.01 pc to ∼ 0.1 pc, deduced from SSC models [91]. Our fiducial choice
is rVHE = 0.01 pc. The magnetic field is supposed to be coherent, so ψ = 0 is chosen over
the entire jet region. As noted in ref. [93], the above equations hold in the co-moving frame
of the jet. The photon energy E′ in this frame is related to the energy E in the laboratory
frame through the Doppler factor, E′ = E/δD, where δD = [ΓL(1 − βj cos θj)]−1 with the
relativistic Lorentz and beta factors ΓL, βj of the bulk plasma movement, respectively. The
photon-ALP conversion is numerically calculated following eq. (2.9). For the numerical
calculations, the step length along x3 is chosen such that the magnetic field decreases (with
r−1) by one percent from one cell to the next. We consider the coherent magnetic field up
to rmax = 1 kpc. For our fiducial scenario, the electron density is set to n
jet
0 = 10
4 cm−3 and
the magnetic-field strength is set to Bjet0 = 0.1 G. We choose θj = 1
◦ and ΓL = 8 leading
to δD ∼ 15.64. We underline that in this scenario we are only taking the jet B-field and
the GMF into account and we apply a fully energy-dependent modelling of the photon-ALP
mixing so that no restriction to the SMR is necessary.
As mentioned above, magnetic fields are also present at kpc scales of the jet, especially in
jet features of FSRQs such as hot spots and lobes, with magnetic fields up to O(100µG) in the
former and O(1µG) in the latter [89]. It is noteworthy that the field strength is comparable
to the one found in galaxy clusters and thus these sites are of potentially high interested
for photon-ALP conversions, as pointed out in ref. [93]. Interestingly, Faraday rotation
observations also suggest the existence of turbulent magnetic fields in the radio lobes of the
misaligned BL Lac [98] Centaurus A with B ∼ 0.8µG, a coherence length of Lcoh ∼ 20 kpc
and a total size of the region of ∼ 180 kpc [99] Thus, if similar magnetic-field morphologies
for the large scale jet and a galaxy cluster are assumed, the results for a small-scale galaxy
cluster should also be comparable to that of a large-scale AGN jet structure.
In summary, three magnetic-field scenarios will be compared: The coherent parsec-scale
field in the BL Lac jet, and the magnetic field in a galaxy cluster modelled with two different
morphologies. The three magnetic fields normalised to their maximum values are shown in
figure 1 and the fiducial parameter values are summarised in table 1. The radial decrease in
all scenarios is evident.
The photon survival probability for the three models is shown in figure 2 for a source
at z = 0.4 and sky coordinates coincident with the position of the blazar PG 1553+113 (see
Section 4). Throughout this article, the EBL model introduced in ref. [12] which predicts a
minimum absorption for∼TeV γ rays is applied. For the random ICM fields, 1000 realisations
are simulated. The green envelopes show the regions in which 68 % (95 %) of all realisations
around the median of the gaussian turbulent B-field are contained. In all scenarios most
B-field realisations lead to a boost in γ-ray flux beyond an optical depth of τ & 2. Above the
critical energy (shown by the dashed line for the ICM case), the photon-ALP mixing enters
– 8 –
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Figure 1. Tested magnetic-field scenarios, with the fiducial parameters of table 1. For the ICM
fields, one particular realisation is shown. In the ICM case r′ = rmax whereas r′ = 40 pc in the jet
scenario for better visibility. The fields are normalised to their maximum values and multiplied with
cosψ which gives the field strength along the A2 component.
B-field scenarios
Parameter AGN jet ICM, cell-like ICM, turbulent
B0 (µG) 10
5 1 1
rVHE (pc) 0.01 – –
rmax (kpc) 1 300 300
δD 15.64 – –
L (kpc) adaptive 10 1/kH
η −1 1 1
β −2 2/3 2/3
rcore (kpc) – 100 100
n0 (cm
−3) 104 10−3 10−3
q – – −11/3
kL (kpc
−1) – – 0.18
kH (kpc
−1) – – 3.14
Nk – – d20(log10(kH/kL) + 3)e
Table 1. Fiducial model parameters for the different magnetic fields. The step length for the cell-like
model is equal to the coherence length in that model. See text for further details.
the SMR leading to a drop in the survival probability. Around Ecrit, an oscillatory behaviour
of Pγγ is observed that has been used to constrain ma and gaγ [100–102].
In the next section, we introduce a method to quantify the sensitivity to detect photon-
ALP signatures and the influence of the different parameters on the sensitivity is discussed
in Section 5.
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Figure 2. Photon survival probability for the different magnetic field scenarios. The sky position
of the blazar PG 1553+113 is assumed with z = 0.4. The envelopes refer to the turbulent B-field
scenario, only. They show the 68 % (light green) and 95 % (dark green) contours around the median.
For the ICM scenarios, the black lines show the result of one random B-field realisation, the red line
indicates the attenuation in the absence of ALPs. The inset shows a zoom-in on the energy regime
around Ecrit of the ICM scenarios. Above E
jet
max (in the lab frame) for the jet scenario, the QED effect
sets in leading to oscillations in Pγγ . The fiducial parameter values of table 1 are used, together with
g11 = 2 and mneV = 1.
4 Method
With the magnetic field models at hand, we now investigate the impact of photon-ALP
oscillations on an AGN spectrum. This will be done by generating a mock data set of a
hypothetical observation of a blazar with a CTA-like array (Section 4.1). In Section 4.2, we
introduce the statistical test with which we quantify the sensitivity of the array to detect the
ALP signal.
4.1 Intrinsic and observed blazar spectrum
Blazars are known to be time variable and episodes of increased γ-ray activity offer the
opportunity to obtain high signal-to-noise spectra at large optical depths. Therefore, we
will assume an observation of the BL Lac object PG 1553+113 located at a sky position4 of
αJ2000 = 15
h55m43.0s and δJ2000 = +11
d11m24.3s. A lower limit on the redshift of z > 0.4
has been inferred from Ly-α absorption lines in the optical spectrum [104]. The source has
been observed in the VHE regime with H.E.S.S. [18, 105], MAGIC [106], and VERITAS [107],
and it underwent a flaring episode in 2012 where its integrated flux above 100 GeV reached
the level of the Crab nebula [108]. To illustrate our method, we will make the assumption
that this source is located in a galaxy cluster when considering the ICM scenarios.
4The position of the source in the sky determines the reconversion probability in the Galactic magnetic
field [52, 73, 103].
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The 2005 H.E.S.S. observation of PG 1553+113 [18] serves as a template for the intrinsic
blazar spectrum. The observation covers the energy range 0.23 TeV to 1.23 TeV, correspond-
ing to 0.8 . τ . 4.4 for z = 0.4. Consequently, the measurement could already suffer from
any non-standard photon propagation and we decide to estimate the intrinsic spectrum from
the first three energy bins or up to an optical depth of τ ∼ 1.86. These bins are corrected
for absorption with and without ALPs and fitted with a power law, φ(E) = N(E/E0)
−Γ.
Since the fit comprises only three data points, we always find a χ2 value over degrees of free-
dom close to one. The best-fit power-law normalisation is upscaled by a factor of C = 3.58
to emulate the flaring episode of the source, which is assumed over the entire observation
time5. With ALPs, the intrinsic spectrum has to be re-determined for every chosen set of
parameters and, in case of the ICM scenarios, for every random realisation of the magnetic
field. In future observations with CTA, the intrinsic spectrum can be determined more ac-
curately, due to the lower energy threshold. It is assumed that the determined power law is
a valid description of the intrinsic spectrum up to an optical depth of τ = 12 or an energy of
E ∼ 7.4 TeV. For higher energies, the source flux is set to zero.
The γ-ray spectrum at Earth is given by
φ0(E) = Pγγφ(E), (4.1)
where Pγγ reduces to exp(−τ) in the no-ALP case, i.e. g11 = 0. The expected number of
counts is obtained by folding the observed spectrum with the instrumental response function
(IRF); A function of the true energy E and reconstructed energy E′. It is assumed that
the IRF factorises into the point spread function (PSF), the effective area Aeff , and the
energy dispersion, DE . For the IRF of a CTA-like array we use the published results of CTA
Monte-Carlo studies, namely the shower axis maximisation (SAM) analysis for the array I
configuration, provided in ref. [110], see especially figure 15 for the effective area, figure 17
for the PSF, and figure 18 for the energy resolution. In ref. [110] the different components of
the IRF are obtained with Monte-Carlo simulations under the assumption of a zenith angle of
20◦ and a ratio between the exposures of background and signal regions of α = 0.2, which we
also adopt here. We approximate the energy dispersion with a gaussian function of variance
σE(E) = 0.1E and neglect the PSF. The array I configuration is a compromise between a
good sensitivity at low and high energies [110]. It is therefore suitable for ALP searches, since
it guarantees a good determination of the intrinsic spectrum, as well as sufficient sensitivity
at high energies and correspondingly high optical depths even for close-by AGN. In each
energy bin i of width ∆E′i the expected number of counts is,
µi = Tobs
∫
∆E′i
dE′Aeff(E′)
∫
dE DE(E
′, E)φ0(E), (4.2)
for an observational time Tobs which we set to 20 hours
6. The expected number of residual
background events in each bin, bi, is determined by multiplying Tobs with the background
rate, provided in figure 16 of ref. [110]. The number of events from the source region (ON)
5 The factor C is determined by fitting the observed 2005 H.E.S.S. spectrum with a power law in the entire
energy range and subsequently integrating the spectrum above 100 GeV in order to determine the flux in units
of the Crab nebula (where the Crab spectrum of ref. [109] is assumed). In order to reach 100 % of the Crab
nebula’s flux as reported by the MAGIC collaboration in 2012 [108], the normalisation has to be upscaled by
C.
6 The 2005 data set of the H.E.S.S. observations comprises 7.6 hours of data [18].
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Figure 3. Example of a simulated spectrum above τ = 1 with and without an photon-ALP os-
cillations. The ALP contribution is shown for the fiducial turbulent ICM scenario for one random
B-field realisation and fixed mass and coupling. The extrapolated spectra (dashed and solid lines)
are the results of multiplying the intrinsic best-fit spectrum with the photon survival probability, see
eq. (4.1). The shaded regions correspond to the fit uncertainties of the intrinsic spectrum. In case
the significance in one bin is below 2σ, 2σ upper limits on the flux are shown. The H.E.S.S. data
points are upscaled by 3.58 to emulate the γ-ray flare of PG 1553+113.
and from a background (OFF) region is drawn from the corresponding Poisson distributions
(suppressing the bin index i),
f(NON|µ+ b) = (µ+ b)
NON
NON!
exp(−(µ+ b)), (4.3)
f(NOFF|b/α) = (b/α)
NOFF
NOFF!
exp(−b/α). (4.4)
The number of excess events from the γ-ray source is then Nexcess = NON − αNOFF and
the signal significance is calculated with eq. (17) of ref. [111]. The resulting simulated
spectra above τ = 1 with and without an ALP contribution are shown in figure 3 together
with the H.E.S.S. observation. The secondary flux of regenerated γ rays starts to contribute
significantly above τ & 3 and dominates the spectrum above E ∼ 2 TeV (τ ∼ 5.2).
4.2 Statistical test to search for an increased γ-ray flux
Our technique to search for an ALP signal at high optical depths is based on a likelihood
ratio test between the following two hypotheses: An ALP exists and gives rise to a boost of
the γ-ray flux and expected number of signal counts µ(gaγ ,ma,θ) = (µ1, . . . , µn), with µi =
µi(gaγ ,ma,θ), i = 1, . . . , n, the expected count number in each energy bin. Alternatively,
the γ-ray flux is determined by standard EBL absorption only, with expected counts µ˜ ≡
µ(g11 = 0,ma,θ) = µ(gaγ ,mneV  1,θ). The last equality holds since for large ALP masses,
the critical energy is shifted to energies inaccessible with IACTs in the considered B-field
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scenarios. The vector θ encodes all further nuisance parameters that describe the signal
strength, e.g., the spectral parameters, which are fixed to the power-law the extrapolation of
the intrinsic spectrum. It is assumed that the intrinsic spectrum does not harden with energy,
as discussed in Section 1. Further nuisance parameters are the magnetic-field parameters and
the chosen EBL model, all fixed here by our model selections.
Given the observation of NON events from the source region and NOFF from a back-
ground region in n energy bins, the likelihood for an expected number of source and back-
ground counts µ, b is defined as the product of the probability mass functions of eq. (4.3)
and (4.4) in all energy bins,
L(µ,b;α|NON, NOFF) =
n∏
i
τ(Ei,z)>2
f(Ni,ON|µi + bi)f(Ni,OFF|bi/α). (4.5)
Since we are interested in the ALP effect at high optical depth, we restrict the likelihood to
only include the energy bins for which the central energy Ei fulfils the condition τ(Ei, z) > 2.
We are using 10 energy bins evenly spaced in logarithmic energy between τ = 2 and τ = 12.
Only bins that are detected with a significance larger than 2σ (using eq. (17) in [111])
are used. Bins at the high-energy end of the spectrum falling below this threshold will be
combined and used if the significance exceeds the threshold after rebinning. We compare the
no-ALP hypothesis (with expected counts µ˜) with the ALP hypothesis (and expected counts
µ) with the likelihood ratio test [e.g. 112]
λ(µ˜;α|NON, NOFF) = L(µ˜,
̂̂
b(µ˜);α|NON, NOFF)
L(µ̂, b̂;α|NON, NOFF)
. (4.6)
In the numerator, the likelihood is maximised by
̂̂
b for fixed µ˜ while in the denominator it
is maximised with respect to both, µ and b, with µ̂ and b̂ being the maximum-likelihood
estimators. The test statistic,
TS = −2 lnλ, (4.7)
converges to a χ2ν distribution with ν degrees of freedom (d.o.f.) that can be used to calculate
the significance with which the no-ALP hypothesis can be excluded. Likewise, limits and
confidence intervals in the (ma, gaγ) plane can be derived by exchanging µ˜ with µ in eq.
(4.6) and re-evaluating the test statistic and the significance.
The number of d.o.f. for the χ2ν distribution (the null distribution) to determine the
p-value with which one can exclude the no-ALP hypothesis is a priori unknown. According
to Wilks’ theorem [113], it should be equal to the difference of d.o.f. of the two hypotheses.
However, the observable (the number of NON counts and with it the TS values) does not
depend linearly on the parameters as required by Wilks’ theorem. For example, higher values
of g11 do not always result in a stronger boost due to the dependence on the specific magnetic-
field realisation. Secondly, for certain parameter choices, the ALP mixing vanishes and the
remaining model parameters are unconstrained (e.g. if the coupling is zero, the value of the
magnetic field is irrelevant). Thus, it is non-trivial to determine the difference in the degrees
of freedom between the two hypotheses. Therefore, the null distribution of the TS values is
determined via Monte-Carlo simulations.
We simulate 106 observations for an ALP coupling of g11 = 0 and calculate the TS
values. The likelihood in the denominator of eq. (4.6) is maximised with respect to both µi
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Figure 4. TS distributions. Left: CDF of the null distribution of the TS values compared the χ2
distributions with different degrees of freedom. Right: TSA distribution of different realisations of the
turbulent cluster B-field for one ALP mass and coupling. The grey histogram shows the distribution,
the CDF (left y-axis) is given by the transparent histogram in the foreground. The different quantiles
Q of the CDF are shown as dashed lines.
and bi with µ̂i = Ni,ON − αNi,OFF and b̂i = Ni,OFF/α. The cumulative distribution of the
simulations is shown in the left panel of figure 4 together with the cumulative distribution
functions (CDF) of χ2 distributions for different d.o.f. The distribution is very well described
with a χ2ν distribution with ν = 6.
An efficient way to determine the sensitivity to reject the no-ALP hypothesis without
the necessity to simulate a large number of observations is the use of an Asimov data set, for
which the maximum likelihood estimators of the true values are the expected values [114].
For such a data set the number of ON and OFF events are equal to the expected values,
so for each bin Ni,ON = µi + bi and Ni,OFF = bi/α [114]. The non-integer values are of no
concern since we are only interested in the value of the likelihood ratio test, which reads with
the Asimov data set
TSA = −2 lnλA(µ˜;α) = −2 ln
L(µ˜, ̂̂b(µ˜);α|µ + b,b/α)
L(µ,b;α|µ + b,b/α)
 . (4.8)
The Asimov data set gives an estimation for the median value of the TS distribution which
otherwise needs to be determined from a large number of Monte-Carlo simulations [114].
For the scenarios including mixing in galaxy clusters, we simulate 1000 random realisa-
tions of the B field for each chosen parameter set and compute TSA for each set. An example
for the TSA distribution is shown in right panel of figure 4. The distribution is highly skewed,
and changes if different parameters are chosen. In the following, for each set of parameters
(ma, gaγ ,θ), we will consider specific realisations of the turbulent magnetic field that result
in TSA values that correspond to different quantiles Q of the CDF, CDF(TSA) = Q. For
instance, the realisation giving the TSA value with CDF(TSA) = 0.5 represents the B-field
configuration resulting in the median of the TSA distribution. From the right panel of fig-
ure 4 it is evident that the bulk of B-field realisations result in a deformation of the AGN
spectrum and high TSA values. However, for some orientations, the spectral changes are
marginal. For a cell-like structured magnetic field, in the SMR, one can show that for an
even number of domains the ALP effect can completely vanish if one half of the domains
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forms an angle ψ+pi and the other half an angle ψ between the x2 component and B⊥ [115].
In the following, the results will be presented for Q = 0.5 and Q = 0.05, 0.95. For Q = 0.05,
95 % of all realisations give a higher test statistic and the corresponding B-field can be re-
garded as pessimistic in terms of photon-ALP mixing. In the other case, Q = 0.95, only 5 %
of the simulated turbulent B-fields result in a higher detection of the spectral deformations.
Consequently, this configuration is the optimistic case for photon-ALP mixing.
5 Application to mock data
We now illustrate the likelihood ratio test and the impact of the modelling of the coherent
and turbulent magnetic fields by applying the test to a mock data set of an observation of
PG 1553+113. The dependence of the test statistic values of the Asimov data, TSA, to the
different model parameters is investigated by stepping through a value range of the parameter
in question and setting all other parameters to their fiducial values. The fiducial values for
the B fields are given in table 1 and the fiducial ALP parameters are g11 = 2 and mneV = 1
(see Section 2). The coherent Galactic magnetic field is fixed to the model of ref. [72].
5.1 Cluster magnetic-field parameters
First, B-field parameters common to both the cell-like and Gaussian turbulent morphologies,
i.e. the magnetic field strength and rmax, are scrutinised. We leave n
ICM
0 , βICM, and ηICM
fixed to their fiducial values. In the ALP mass range we are considering here, varying
the electron density within a reasonable range does not have an effect on the conversion
probability, cf. eq. (2.6). The latter two parameters effectively increase or decrease the
magnetic field strength over the cluster, and thus we restrict ourselves to vary the overall
B-field normalisation.
In the top panels of figure 5 we show the dependence of TSA on B
ICM
0 and rmax for the
different quantiles of the random magnetic fields. The B-field strength is varied between 0.1
and 10µG. Such low values for the magnetic field have been inferred from Faraday rotation
measure observations of NGC 0315 situated in a low density galaxy group [82] while the high
central magnetic field values have been determined in massive cool-core clusters, such as
the Hydra A or the Persues cluster [83, 116]. For both morphologies (black lines: Gaussian
turbulent; red lines: cell-like B field) and all quantiles, the same behaviour is observed: Below
a certain field strength, the spectral differences are to minute to be distinguishable from the
no-ALP case. Increasing the magnetic field leads to a sharp rise in TSA which saturates when
on average 1/3 of the γ rays have converted into ALPs in the cluster. The amount of ALPs
reconverting into photons is determined by the Galactic magnetic field model only. Even
for pessimistic B-field realisations (the Q = 0.05 quantile), with our suggested method, the
ALP induced effect can be detected at the 3σ and 5σ level for BICM0 ∼ 2µG for the cell-like
and turbulent morphologies, respectively (the TSA values that correspond to 2, 3, and 5σ
confidence levels are indicated as grey dashed lines and are derived from a χ2ν distribution
with ν = 6, see Section 4.2).
Maximum cluster radii between 100 kpc and 1 Mpc are tested. With all other parameters
set to their fiducial values, the experimental sensitivity is almost independent of the radius.
In the cell-like model, this is expected: For rmax = 100 kpc the condition in eq. (2.12) remains
fulfilled and on average ∼ 25 % of the photons convert into ALPs. This is a promising result:
also AGN in small scale clusters can be used to search for ALPs. Furthermore, this shows
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Figure 5. Dependence of the sensitivity to ALP induced boosts on ICM parameters. The different
line styles show the different quantiles of the random magnetic fields. The results of the Gaussian
turbulent field are shown in black, while for the cell-like morphology results are shown in red. The
grey dashed lines give the TSA values that correspond to the 2, 3, and 5σ confidence levels. The
fluctuation for Q = 0.05 visible in all panels is due to the limited statistics of the 1000 random B-field
simulations. See text for further details.
that turbulent fields at 100 kpc scales in AGN jet structures can lead to a sizeable fraction
of ALPs in the beam.
The dependence of the TSA values on the coherence length (cell-like model) and on the
power-law index q of the turbulence spectrum (Gaussian turbulence model) are shown in the
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central panels of figure 5. More turbulent fields, i.e. smaller coherence lengths and smaller
values of q, lead to smaller effects of ALPs on γ-ray spectra. For the cell-like magnetic field,
this can again be understood with the help of eq. (2.12). The coherence length Lcoh in the
cell-like case can be compared to the correlation length Λc in the turbulent case [e.g. 84]
Λc =
1
C(0)
∞∫
0
dx3C(x3), (5.1)
with C(x3) given by eq. (A.10). For the fiducial parameters, one finds Λc ∼ 3.05 kpc which
decreases to ∼ 0.57 kpc for q = 0 (white noise). The general trend that the turbulent B field
tends to have a smaller impact on γ-ray spectra than the cell-like morphology can also be
explained in this picture since Λc < Lcoh for the fiducial set up
7.
Moreover, we investigated the behaviour of the TSA values with changing IR and UV
cut off, kL and kH (bottom panels of figure 5). Increasing kL has a very similar effect as
increasing q: The field becomes more turbulent as the maximum turbulence scale Λmax =
2pi/kL decreases, leading to smaller values of Λc. A degeneracy between kL and q is also
frequently encountered when turbulent B-field models are fitted to observations [79]. On the
other hand, lower values of kL induce slowly-varying modes in the magnetic field. As the B
field is modulated by the electron density (cf. eqs. (3.1) and (3.2)) those modes are damped
for r > rcore resulting in a saturation of TSA at kL . 2pi/rcore. The TSA values remain
almost constant for varying kH , since scales longer than the inverse of the oscillation length
do not contribute to the turbulence and we have chosen q < −3, i.e. large scale turbulences
dominate.
5.2 Jet magnetic-field parameters
In the jet magnetic-field scenario, the choices for the B-field normalisation, maximum jet
length, distance of the VHE emission site to the central engine, and the Doppler factor are
tested. The power-law index for Bjet, ηjet, will be kept constant at its fiducial value. The
photon-ALP mixing at energies for which τ > 2 (E & 423 GeV) will not be affected by the
plasma effect, as long as the electron density njet0 . 2.5 × 109 cm−3, see eq. (2.6). This
condition is easily fulfilled with electron densities for r > rVHE reported in the literature [e.g.
90, 117]. As in the ICM case, a strong dependence of the TSA values on the magnetic-field
strength is observed (see the top-left panel of figure 6). A detection with high confidence
is only feasible for Bjet0 & 0.07 G. For field strength close to 1 G, the QED effect becomes
important and the maximum energy (cf. eq. (2.7)) of the SMR falls below 100 GeV at
r = rVHE in the lab frame at ∼ 0.7 G. Consequently, the conversion probability starts to
oscillate which causes the sudden spikes in the TSA values at B
jet
0 & 0.2 G. A mild dependence
on the maximum distance scale of the coherent jet B field is evident from the top-right panel
of figure 6. Interestingly, even B fields coherent up to 100 pc only, will result in a significant
detection of the γ-ray boost. In contrast, the position of the VHE emission site has a strong
effect on the TSA values (bottom-left panel of figure 6). For the fiducial parameters chosen
here, the TSA values are almost independent of the Doppler factor (bottom-right panel of
figure 6).
7 One should be cautious, however, with this interpretation. For q < −3, Λc tends to 1/kL, so that
large-scale fluctuations dominate, whereas for q > −2, Λc → 1/kH . Only in the latter case when large-scale
correlations are absent can Λc be confused with the domain size Lcoh. In general the two morphologies will
lead to different results.
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Figure 6. Dependence of TSA on different parameters of the coherent jet magnetic field of a BL
Lac-type object.
5.3 ALP parameters
Eventually, we examine the influence of the photon-ALP coupling and the ALP mass on the
sensitivity estimates (figure 7). The photon-ALP mixing depends on the product of B and
gaγ through ∆aγ and this complete degeneracy explains the identical behaviour of TSA with
varying gaγ (left panel of figure 7) and B (top-left panel of figure 5 and top-left panel of figure
6). The TSA values rise by ∼ 4 orders of magnitude for a one order of magnitude increase
in gaγ or B. Again, a saturation at high gaγ values is observed. For small couplings, the
sensitivity of the CTA-like array is not sufficient to observe a reduced opacity in the mock
AGN spectrum.
An interesting behaviour is observed if the ALP mass is increased (right panel of figure
7). Naively, one would expect that the TSA values stay constant until ma becomes large
enough so that Ecrit > 423 GeV. Further increasing the mass should lead to a declining
TSA value as more and more data points fall outside the SMR. This general trend is indeed
observed for mneV & 40. For masses between ∼ 10 and ∼ 40 neV, the TSA values strongly
increase. The reason for this is the oscillatory behaviour of Pγγ in the transition to the SMR.
Thanks to the fully energy dependent treatment of the photon-ALP oscillations adopted here,
the likelihood ratio test is sensitive to these spectral features.
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Figure 7. Dependence of TSA on the photon-ALP coupling (left) and ALP mass (right).
6 Summary and Conclusion
In this article, we have discussed oscillations of photons into axion-like particles in turbulent
and coherent magnetic fields and its impact on the detection of γ rays in the optical thick
regime. We have derived specific formulas to calculate the components of a magnetic field
with gaussian turbulence. The sensitivity for a CTA-like array to detect a boost in the photon
flux has been calculated for wide variety of magnetic-field and ALP parameters using the
Asimov data set. While the Asimov data set gives a good estimator for the median of many
Monte-Carlo simulations, fluctuations of real data can of course be larger [114].
With the suggested method, modifications of the spectra should be detectable for cou-
plings g11 & 2 and ALP masses mneV . 100 for a viable range of the ambient magnetic
field strength given a 20 hours observation of a flaring AGN with properties similar to the
object PG 1553+113 with an intrinsic spectrum that follows a power-law extrapolation up
to ∼ 7.4 TeV (corresponding to τ = 12). These ALP parameters are also well in range of
the future laboratory experiment ALPS II [118] and the next generation Helioscope, IAXO
[119].
As expected, the test statistic strongly depends on the magnetic-field strength, the
photon-ALP coupling, as well as on the ALP mass, regardless of the magnetic-field scenario.
Only a mild dependence is found on the size of the B-field region within the tested values, for
both the BL Lac jet and the galaxy cluster B fields. In accordance with ref. [93], we find a
strong dependence of the ALP effect on the distance of the VHE emission zone to the central
engine when mixing in a BL Lac jet is considered. If the jet magnetic field is below ∼ 0.05 G
or the emitting site is close to the central black hole, rVHE . 0.01 pc, a spectral modification
will become difficult to detect with the assumed observation. The same is true if the source
is located in a low-density type environment as observed around the radio galaxy NGC 0315
where the intra-cluster magnetic fields can be as low as ∼ 0.1µG [82].
We have derived formulas to compute the transversal component of a magnetic field
with gaussian turbulence. Compared to a simple cell-like models, very similar results are
obtained for the sensitivity. The turbulent magnetic fields show a strong dependence on the
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assumed coherence length, the power-law index, and assumed minimum and maximum scales
of the turbulence spectrum.
Extension to higher ALP masses are possible with observations at higher energies above
tens of TeV, e.g. of close-by AGN. This energy range is also probed with the High Altitude
Water Cherenkov Experiment (HAWC, [120]) which can detect γ rays up to ∼ 100 TeV. An
enhanced γ-ray flux beyond these energies could be detected with the planned HiSCORE
experiment [121].
The suggested likelihood test is not limited to the search for ALP signatures but is
applicable to any process that modifies the optical depth predicted by standard EBL ab-
sorption models. For example, cosmic rays accelerated in AGN could effectively transport
energy close to Earth and then initiate an electromagnetic cascade [122–124]. The generated
secondary γ-ray flux could also explain hints for a spectral hardening in VHE spectra [125].
For future work, the full IRFs for CTA including the energy dispersion and the PSF
should be used, together with a systematic scan over a grid of the ALP mass and coupling
values. With a full set of IRFs one should also investigate the dependence of the sensitivity
to different models of the EBL and the Galactic magnetic field, the energy dispersion, and
a possible curvature in the intrinsic spectrum. Moreover, the likelihood in eq. (4.5) can
easily be extended to include several AGN. Ultimately, the observations of many sources in
the optical thick regime at different energies and redshifts are necessary to exclude source
intrinsic effects.
A Derivation of transverse components of turbulent magnetic fields
In this appendix we show how to simulate a realisation of the transversal component along
a line of sight for an isotropic and homogeneous gaussian turbulent magnetic field with zero
mean and root-mean-square (r.m.s.) value B2. For such a field each component can be
expanded in Fourier modes:
Bi(x) =
∫
d3k
(2pi)3
B˜i(k)e
i(k·x+ψi(k)) , (A.1)
where the B˜i(k) are real even functions [B˜i(−k) = B˜i(k)]. The correlation function for the
Fourier modes for the components of an isotropic and homogeneous magnetic field can be
written as:
〈B˜i(k)B˜j(k′)〉 = (2pi)6
[
M(k)Pij(k) + E(k)iijl
kl
k
]
δ3(k− k′) , (A.2)
were k = |k|. The tensor
Pij(k) = δij − kikj
k2
(A.3)
assures the condition ∇ · B = 0, and M(k) is the spectrum of “symmetric” perturbations
normalized in such a way that the r.m.s. coincides with B2:
B2 = 〈Bi(x)Bi(x)〉 = 8pi
∫ ∞
0
dk k2M(k) . (A.4)
M(k) is thus the energy per unit volume of the phase space d3x d3k. In the following, we
neglect the “helical” component E(k) since it does not give a contribution to the quantities
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that we want calculate. If we choose the x3 axis as the line of sight, we have for each of the
transversal components (we choose B1 without loss of generality)
〈B1(x)B1(x + x3eˆ3)〉 =
∫
d3kM(k)
(
1− k
2
1
k2
)
eik3x3
≡
∫
dk3
2pi
ε˜⊥(k3)eik3x3 , (A.5)
where ε˜⊥(k3) is the correlation function on the line of sight for the transversal B components,
that can be expressed as
ε˜⊥(k3) = 2pi
∫
dk1dk2M(k)
(
1− k
2
1
k2
)
, (A.6)
with k2 = k21 + k
2
2 + k
2
3. In cylindrical coordinates (k1 = k⊥ cosφ, k2 = k⊥ sinφ), the integral
becomes
ε˜⊥(k3) = 2pi
∫ ∞
0
dk⊥
∫ 2pi
0
dφ k⊥M(k)
(
1− k
2
⊥ cos
2 φ
k2
)
. (A.7)
Integrating over φ and with the change of variable k2 = k2⊥ + k
2
3 we obtain:
8
ε˜⊥(k3) = 2pi2
∫ ∞
|k3|
dk kM(k)
(
1 +
k23
k2
)
. (A.9)
The spatial correlation function along the line of sight for any of the transversal components
of the magnetic field is given by
C(x3) = 〈B⊥(x)B⊥(x + x3eˆ3)〉 =
∫ ∞
0
dk
pi
ε˜⊥(k) cos kx3 , (A.10)
where B⊥ ≡ B1,2 and we have used the fact that ε˜⊥(k) is a real even function.
Following [86], the transversal components B1,2(x3) along a given line-of-sight can be
simulated by the discrete Fourier expansion (where the modes are not necessarily equally
spatiated):
B⊥(x3) '
Nk∑
n=1
bn [ξn cos knx3 + ηn sin knx3] . (A.11)
where ξn, ηn are normally distributed independent variables with 0 mean and unit vari-
ance (〈ξn1ξn2〉 = 〈ηn1ηn2〉 = δn1n2 , 〈ξn1ηn2〉 = 0). The correlation function C(x3 − x′3) =
〈B⊥(x3)B⊥(x′3)〉 is thus given by
C(x3 − x′3) '
Nk∑
n=1
b2n cos
(
kn(x3 − x′3)
)
. (A.12)
From the discretized eq. (A.10) we obtain
bn =
√
ε˜⊥(kn)∆kn
pi
, (A.13)
8 In the same way, the longitudinal component can be calculated as follows
ε˜||(k3) = 4pi
2
∫ ∞
|k3|
dk kM(k)
(
1− k
2
3
k2
)
. (A.8)
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Figure 8. The function Fq(k; kL, kH) for the fiducial model parameters chosen in the galaxy cluster
mixing scenario.
where ∆kn is the width of the interval containing kn. Finally, using the Box-Muller theorem
[126], we can rewrite eq. (A.11) as eq. (3.3).
Next, we consider the case of a power-law spectrum with an ultraviolet (UV) cut-off kH
and infrared (IR) cut-off kL:
M(k) = Akq, for kL 6 k 6 kH , 0 otherwise. (A.14)
The normalization condition (A.4) gives
A =
B2
8pi
{
q+3
kq+3H −kq+3L
q 6= −3,
ln kLkH q = −3
. (A.15)
After a straightforward calculation, from eq. (A.11) we obtain eq. (3.4) with
Fq(k, kL, kH) =
fq+2(k
′, kH) + k2fq(k′, kH)
fq+3(kL, kH)
(A.16)
for k < kH and Fq(k, kL, kH) = 0 for k ≥ kH , with k′ = max(k, kL) and
fq(s1, s2) =
{
(sq2 − sq1)/q, if q 6= 0,
ln (s2/s1) , if q = 0.
(A.17)
The case q = 0 corresponds to white noise. For k < kL, Fq(k; kL, kH) tends to a constant,
as can be seen from splitting up the integral in eq. (A.9). The function Fq(k; kL, kH) is
shown in figure 8 for the fiducial values of a galaxy cluster adopted here (cf. Table 1). One
random B-field realisation is shown in figure 1. Notice that the tensor Pij is responsible for
the “blue” component k2 always present in the line of sight spectrum.
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Figure 9. Comparison between the analytical correlation function and Monte-Carlo simulations.
Shown are the calculations with Nk = 84 and k ∈ [10−3kL, kH ]. An equidistant logarithmic spacing
is chosen. The lower panel displays the residuals defined as the difference between the analytical
calculations and the Monte-Carlo simulations divided by the analytical result. For two points, the
residuals are ∼ −10, indicated by the arrows in the plot.
In figure 9 we show the spatial correlation function as function of x3 for a “Kolmogorov-
like” spectrum with index q = −11/3 normalized with the zero distance correlation (that
is the r.m.s. of the magnetic field). We also show the results obtained with a Monte-Carlo
generation of the turbulent magnetic field. A good agreement is found between the analytical
prescription and the simulations.
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